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Recursion Recurrence Relations

A recurrence relation for a sequence {a,} is an
equation that expresses a,, in terms of one or more
previous elements (a,, ..., a,_1)

How many i-products the
families of students in o
school have?

A sequence is called a solution of a recurrence
relation if its terms satisfy the recurrence relation
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Recurrence Relations

Example 1

Let {a,} be a sequence that satisfies the
recurrence relationa, =a,,-a,,forn=2, 3,
4, ..., and suppose thata, =3 and a, = 5.
What are a, and a;?

From the recurrence relation:

.az =a1—a0=5'3=2
"8 =a,—a,=2-5=-3
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Recurrence Relations

Example 2
Consider the recurrence relation

a,=2a,,—a,, Wherenz=2
Which of the following are solutions?

-an=3n‘/

2a,_4—-a,,=2(3(n-1))-3(n-2)=3n=a,

=g, =2"
2a,.,—a,,=2(2"")—n"2=2"#a_
“=a,=b5

2a,.1-a,,=2x10-5=5=a,
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Recurrence Relations

The initial conditions for a sequence specify the
terms that precede the first term where the
recurrence relation takes effect

* For example
a, = a,4 + a,,, what is the value of a;?
Answer depends on a, and a, (initial conditions)
a,=3anda,;=5: a,=8, a;=13
a,=1anda,=2: a,=3, az;=5

A sequence is determined uniquely by
= Recurrence relation
= |nitial conditions
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Modeling with Recurrence Relations

Compound Interest

Growth of saving in a bank account with r% interest
per given period
- Sn = Sn-1 +r- Sn-1 = (I"+1) ) Sn-1

Example:

= Suppose that a person deposits $10,000 in a savings
account at a bank yielding 11 % per year with interest
compounded annually. How much will be in the account
after 30 years?

= Sy = 1.11S, = 1.11(1.11S,4) = ...= (1.11)3° 10,000
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Modeling with Recurrence Relations
Tower of Hanoi
Objective
= Get all disks from peg 1 to peg 3
Rules

= Only move 1 disk at a time
= Never put a larger disk on a smaller one
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Modeling with Recurrence Relations

Tower of Hanoi

More than 1 steps
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Modeling with Recurrence Relations

Tower of Hanoi

More than 1 steps

More than 1 steps 1 step

Recursive Call Recursive Call

More than 1 steps
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Modeling with Recurrence Relations

Tower of Hanoi

More than 1 steps
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Base Case — r1 : —
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Modeling with Recurrence Relations

Tower of Hanoi
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Modeling with Recurrence Relations

Tower of Hanoi

Let H,, be the number of moves for a stack of
n disks.

Strategy:

= Move top n—1 disks (H,—; moves)

= Move bottom disk (1 move)

= Move top n—1 to bottom disk (H,-, moves)

H,=2H_, +1
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Modeling with Recurrence Relations

Fibonacci (Rabbits) Numbers

A young pair of rabbits At Ieast ml,g
(one of each sex) is months o

Younger than
two months
A

placed on an island ! M
A pair of rabbits does

N\

not breed until they are
2 months old

After they are 2 months
old, each pair of rabbits

produces another pair
each month

I:,n = I:,n-1 + I:,n-2
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Modeling with Recurrence Relations

Example 1

Find a recurrence relation and give initial conditions for the
number of bit strings of length n that do not have two
consecutive 0s.

Let P, denote the number of bit strings of length n that do
not have two consecutive Os

For P,
Any bit string of length n - 1
| with no two consecutive Os | 1 P 0101 0110
. 0111 1910
Any bit string of length n - 2
| with no two consecutive Os| 1 0 Pn-2 1011 1110
1191 p,
Pn=Pn-1+Pn-2’n23 11 1
P,=2,P,=3
1 2 P3
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Modeling with Recurrence Relations

Example 2 Solving Linear Recurrence Relations
Find a recurrence relation and give initial conditions for the Given P. =P +P what is P...?
number of bit strings of length n that do not have three n~ "n1 n-2’ 100 *

consecutive Os. .
It is not easy to calculate

Let P, denote the number of bit strings of length n that do

not have three consecutive Os Need a better solution gg.av! .i:k- ¢l ggp {0
: : . ). =B =R = Ul
Any bit string of length n - 1 P For I:)4 which is not in ‘BI % X4 4 =:¥3¥:
| with no three consecutive 0s |1 " n1 oou1l ooliol 0100 relation form ‘._.q : 3 .‘&&: 8
Any bit string of length n - 2 0101 0110 1100 - " 7 <as
. 1 e X
Any bit string of length n - 3 1001 1110 n’ @
| with no three consecutive 0s | 1 00 Pn_2 = é}o
n n-1 n-2 n3sN= 11 1
P,=2,P,=4,P;=7 1111
P3

. . . Solving Linear Recurrence Relations
Solving Linear Recurrence Relations

Example
Linear Homogeneous Recurrence of Degree k with M, =M_+(1.11)M__, a,=a,.+ (an_z@
Constant Coefficients is a recurrence of the form = 1-LiHoReCoCo = Not linear
k
a,=ca, “t...tca,_, =) ca . —
" 1Hnl Kk ; Lo I:,n = I:,n-1 + I:,n-2 Hn = 2Hn—
» 2-LiHoReCoCo .
where the c, are all real numbers, and ¢, # 0 Not homogeneous
= Linear: the power of all ¢, term is one -
o ) . a,=a,;s B
= Homogeneous: no constant term (no team without a;) . n n-1
: . = 5-LiHoReCoCo -
= Recurrence: a sequence {a,} which a, interms ofa,,, a,,,... = Non-constant coefficient
= Degree k: refer to k previous terms a,,, k-LiHoReCoCo (n is a variable)

Linear: the power of all g, term is one
Homogeneous: no constant term (no team without a;)

- u . ” Recurrence: a sequence {a,} which a, in terms of a,., a,.,,...
The short name is “k-LiHoReCoCo Degree k: refer to k previous terms a,,

Constant Coefficients: ¢y, ¢,, ... independent from n

Constant Coefficients: ¢y, ¢,, ... independent from »n
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Solving 2-LiHoReCoCos

Given 2-LiHoReCoCo: a,=ca,_,+ c,a,_,, and aq, =
canda,=d

Assume s, and ¢, be the solution, a,=s,and a,=1t,
= s, = oS, tes,and =, e,
For constants w, and w,

wis, T wit, = wi(CyS, 1 T ¢S, ) Twylert, t et ,)
| —

a = Cl(\wlsn—l + W2tn—ll) + CZ(\Wltn—2 + WZtn—Zl)

Y Y

n

a,; a,.,

Therefore, a, =w;s, + w,t, is a solution
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Solving 2-LiHoReCoCos

By considering 1-LiHoReCoCo, a, =c a,_,
Obviously, the general solution is a, = ¢" a,

Therefore, the solution of the form may be a,= "

Substitute a,=+" to a,=ca, ,+c,a,_,,
thenr2-c;r-c,=00rr=0
= r = () is a special case since a, =0

r? - ¢ r - ¢, is called characteristic equation
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Solving 2-LiHoReCoCos

Given 2-LiHoReCoCo: a, = ¢,a,_, *+ c,a,_,, and
apg=canda,=d

Assume a, = w,r" + w,r," for
r, and r, are different and some constants w,, w,

We know that r,? - c,r,-c,=0and r,y’ - ¢;r,-c,=0
Characteristic Equation: r? - ¢, r-¢,=0
Characteristic Roots: r, and r,

w, and w, can be calculated by using c and d
{ao =c=wr +w,r,°

= J= 1 1
a; =d=wyr!+wr,
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Solving 2-LiHoReCoCos

Theorem
Consider an arbitrary 2-LiHoReCoCo:
a, =€, T Ca,

By substituting a, = ", we have the characteristic
equation:

rP—cr—c=>0
If there has two different roots », and r,, then
a, = wyr" T wyr"

for n 2 0 and some constants w,, w,
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Solving 2-LiHoReCoCos

Proof

Given r4, r, are the characteristic root

Ay, =C1l, 1 T €,

—_ n n
n < a, =wir" T w,r,

where and w,, w, are constants

= Two steps for the proof

Show if a, = w,r," + wyr," , {a,} is a solution of the
recurrence relation

Show if {a,} is the solution of the recurrence
relation, a, = w,r,” + w,r,” for some w, and w,
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Solving 2-LiHoReCoCos
Step 1

Show if a, = wr /" +w,r,", {a,} is a solution of the
recurrence relation

_ n-1 n-1 n—-2 n-2
aa, + Ga, , =¢ (Wll”1 +W,r, )-i- c, (sz'l +W,r, )
_ n-2 n-2

=Wh (Clri +CZ)+W27”2 (Clrz +Cz)
_ n=2_72 n=2_2 r, and r, are the solution of
=wn R Ewn { P —er —c, =0 }

_ n n
=wWhn + wW,r,

=d

n
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Solving 2-LiHoReCoCos

Step 2
Show if {a,} is the solution of the recurrence relation, a, =
wyr" + w,r,"for some w, and w,

= Suppose that {a,} is a solution of the recurrence relation, and the
initial conditions ¢, = C, and «, = C, hold

= We want to show that there are constants w, and w, such that the
sequence {a,} with a, = w,r," + w,r," satisfies these same initial
conditions

a,=Cy=w, tw,and a, =C, =w;r, + wyr,
= By solving these two equations:
:Cl_Corz W _Gn-G

W ) =
h=n h=n

= When r, # r,, {a,} with w,r," + w,r," satisfy the 2 initial conditions
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Solving 2-LiHoReCoCos

We know that {¢,} and {a,7," + a,r,"} are both
solutions of the recurrence relation a, = c,a, | +
c,a, , and both satisfy the initial conditions when n =
Oandn=1

Because there is a unique solution of 2-
LiHoReCoCo with two initial conditions, it follows
that the two solutions are the same, that is, a, =
a,r" + a,r," for all nonnegative integers n

We have completed the proof

Ch. 4.1, 4.2 & 4.4 28



Solving 2-LiHoReCoCos 2-LiHoReCoCo: a,=ca,, t ¢4, ,,
Characteristic Equation: r?-c,r-c,=0

Exa m p I e 1 a, =wr" + w,r," (r, and r, are different)

Solve the recurrence a, = a,_, + 2a,_, given the initial
conditionsag=2,a,=7

Characteristic Equation: r2-r-2=0

Characteristic Root:

“r = (1£3)/2 hidb —da

mr=2orr=-1 X= 2a
Therefore, a, = w, 2" + w, (=1)"

By usinga,=2,a,=7

" a,=2=w,20+w, (-1)°

= a, =7=w2"+w, (-1)

= w,=3 and w,=1
Therefore, a, = 3-2" — (-1)"

Solving 2-LiHoReCoCos 2-LiHoReCoCo: a,=ca,, t ¢4, ,,
E I 2 Characteristic Equation: r?-c¢,r-c,=0
Xam p e a, =wr" + wyr," (r, and r, are different)

Find an explicit formula for the Fibonacci numbers

Recallf,=f,,+f.,

= Characteristic equation: »? - \/_1 =0
= Characteristic roots: 7; = (1++/5)/2 1= (1—\/5)/2
|, = Wl[“—z\/g] + w{#}

Initial conditions f, =0 and f; =1
fo=0=w,+w,

1 1
f1=1=W1[1+2\/§]+w2(#] Wl_ﬁ Wz__ﬁ
po (1) 1 (1-45Y

SN ) Jsl 2

Solving 2-LiHoReCoCos
with two same roots

Theorem

Let ¢, and ¢, be real numbers with ¢, # 0.
Suppose that > — ¢;r - ¢, = 0 has only one
root r,

A sequence {a,} is a solution of the
recurrence relation a, = c,a, | + ¢,a,, if and
only if a, = w,ry" + wynr", forn=0, 1, 2, ...,
where w, and w, are constants
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Solving 2-LiHoReCoCos with 2-LiHoReCoCo: a, = c,a,, + ¢4, 5,
Characteristic Equation: r?-c¢,r-¢c,=0

Example 1 4= W+ wmry

What is the solution of the recurrence relation
a, = 6a, - 9a, , with initial conditions ¢, =1 and a, = 6?7

n-1

Characteristic equation: 2 - 6r+9=0

Only one characteristic root: » =3

Hence, the solution to this recurrence relation is
a,=w,3" +w,n3"

for some constants a, and a,

By using the initial conditions,

ap=1=wy,a,=6=3w,+3w,, sow=1and w,=1

Consequently, a” = 3" + n3"
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Solving 2-LiHoReCoCos
Summary

Given:a, =ca, ; + c,a, ,anday,=cand a, =d

1. Characteristic equation: rP—cr—c=>0

2a. If Characteristic Root (r, and r,) are different
1. a,=wr" +w,r,is the solution
2. Useaqy=w, tw,=cand a, =w,;r, + w,r,=d to
solve w, and w,

2b. If Characteristic Root (r, and r,) are the same
1. a,=w,r +w,n r"is the solution

2. Usea,=w,=cand a, =w;r, +w,r,=d to solve
w, and w,

Ch. 4.1, 4.2 & 4.4 33

© Small Exercise ©

What is the solution of the recurrence relation
a, =-a,,+ 6a,,with initial conditions a¢, = 0
and a, = 57

What is the solution of the recurrence relation
a, =-2a,, - a,,with initial conditions a, = 5
and a, = -67

Ch. 4.1, 4.2 & 4.4 34

© Small Exercise ©

the recurrence relation: a, =-a, + 6a,,
Initial conditions a, =0 and a, =5

Characteristic Equation: 2+ 7-6=0
(r+3)(r-2)=0

Characteristic Root: r,=-3,r,=2

Therefore, a" = w, (-3)" + w, (2)"

Using the initial condition
"a,=0=w,+w,
u W] = _1, Wz = 1

Therefore, g7 = - (-3 + (2)"
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© Small Exercise ©

the recurrence relation: a, =- 2a,- a,,
Initial conditions ¢, =5 and a, = -6

Characteristic Equation: 2+ 2r+1=0
r+D(r+1)=0

Characteristic Root: r, = -1

Therefore, a" = w, (-1)"+w, n (-1)"

Using the initial condition

" g, =5=w,

"a,=-6=-w -w,

"w,=5w,=1

Therefore, g7 = 5 (-1)" + n (-1)"
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Solving k-LiHoReCoCos

2-kiHoReCoCo

a, = 4, + o,

k-LiHoReCoCo: a, =) ca,.,
i=1

Characteristic Equation is:

rP—cr—c=0

k
r —ch.rk_’ =0
i=1
Theorem

If there are £ distinct roots 7, , then the solutions to
the recurrence are of the form:

— n n
a, = wir" T wyr,

k

_ n

a, =) wr,
i=1

for all n 2 0, where the w, are constants
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Solving k-LiHoReCoCos
Example

Find the solution to the recurrence relation
a,=6a,,-1a,,+6a,,
with the initial conditions a, =2, a, =5, and a, = 15.

The characteristic equation is:
P-6r2+11r—6= (r-1)(r-2)(r-3)

= The characteristicrootsarer=1,r=2,andr=3
a, = w 1"+ w,2" + w,3"

By using the initial conditions
"gy=2=W W, +w,
"a,=5=wW;+W,X2+WwW;X3
"a,=15=w;+w,x4 +w3x9

= Therefore, w,= 1, w, =-1and w; =2

As aresult,a,=1-2"+2 x 3"
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Solving k-LiHoReCoCos
with same roots

Let ¢, c,, ..., ¢, D€ real numbers
Suppose that the characteristic equation
rk_clrk-l ees

has t distinct roots r,, r,, ..., r, with
multiplicities m,, m,, ..., m
= i.e. r; appear m;, times

—c,=0

t

"mtm,+ - t+tm=k
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SOIVing k-LiHoReC Special case for k=23rOne distinct root
a, =wry" +wynry"
with same roots oy

a, = (w; T wyn)ry"
A sequence {a,} is a solution of the recurrence relation
a,= 14,4 + 64, Tt Cr@y

Itand only it iipiicities for r,

A
=Tw,, + +...+ N
a,=Wo+wn+..+w, 1"

s n No. of
+(Wyo + Wy it + W)y 11 ), distinct

-1
ot (W AW, o w, p™ ) ) Toots
’ s (]

forn=0,1,2, ..., where w;; are constants for1<i<rand
0<j<m,
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Solving k-LiHoReCoCos with @, =W +w n+..+w, n"" )rl

+(w20+w21n+ AW, " e
Example ot (W g+ W, B+ W o lnm’%)rt”
Find the solution to the recurrence relation
Hn = _anl + 3H1172 + 5an3 + 2Hn74
with the initial conditions H,=1LH =0,H,=1H,=2
Characteristic equation:  y* 4 x> —3x?2 —5x—-2=0
(x=2)(x+1)’=0
Roots: -1,-1,-1,2
Therefore: [ = (c,+c,n+c,n’)(=1)" +¢,2"
By initial conditions:
1_1026’14'04:1 0121,022_1,0320504:_
H =-c—-c,—c¢;+2¢,=0 3
H, =c,+2c¢c, +4c;+4c, =1 H = (1) —=n(-1)" + 22"
H,=-c —-3c,-9¢c;+8c, =2 9 3 9
Ch. 4.1, 4.2 & 4.4 41

Solving k-LiHoReCoCos
Summa ry.

chan canda,=c,,wherei=1,2, ...,k

k
1.Characteristic equation: 7" —Zc.rk_i =0

i
i=l1

Given: qa,

2. Characteristic Root (r4, 75, ..., r)

t [ m-1 ]
1.a, =Z{Zwi,jn"},-” is the solution of k-LiHoReCoCos
where m; is the multiplicity of

2. solve w; by a, =

wherep=1,2,...,k
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© Small Exercise ©

What is the solution of the recurrence relation
a,=a,, +a,,-a,,with initial conditions q, =
0,a, =8and a, =47

—(w10+w11n+ AW " )r
+(w20+w21n+ AWy, n" 1)r%
+.. +(wt0+w1n+ +wm_1n’"’

A
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© Small Exercise ©

the recurrence relation: a, = a,
=0, a,

+ A, - a3

Initial conditions a, =8and a, =

Characteristic Equation: P-rr—r+1=0
r—DHr-)r+1)=0

Characteristic Root: 7, 1, ry=-1
(¢, +cym) (1)” ey ()
Using the initial condition

O0=c +cy

"a=8=ctc—c

" a,=4=ct+2ctc

= c=3,0=-3,c;,=2

Therefore, a"=3 (1 —n) (1)y"+2(-1)"

Therefore, a"=

u aO:
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Solving LiNoReCoCos

Linear nonhomogeneous recurrence of
degree k with constant coefficients
(k-LiNoReCoCos) contain some terms F(n)
that depend only on » but not ¢,

General form:

a,=ca" ' +...+ca"*+ F(n)

- 7/
~"

Associated Homogeneous Recurrence Relation

Ch. 4.1, 4.2 & 4.4 45

Solving LiNoReCoCos

If { a'”} is a particular solution of the
nonhomogeneous linear recurrence relation with
constant coefficients

a,=Ca,  +ca,,t .. tca,,+ Fn)

Then every solution is of the form { ;) 4 4 },
where { ;) }is a solution of the associated

n .
homogeneous recurrence relation

a,=ca,,T6a,,t.+tqa,,
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Solving LiNoReCoCos

Proof
= As {a’gp)} is a particular solution for LiNoReCoCos

= Suppose that { bn} is an another solution

a? =ca”) +c,a?) +..+c,a?) + F(n)

n n

- b =cb, +cb ,+..+cb, ,+F(n)

(p) _ (p) (p) (»)
b —a’” =c (bn_1 —-a’ )+c2(bn_2 —-a’) )+...+ck(bn_k —an_k)

n
(h) (h)

(M — . ()
a, =qa, py T tCa,

+c,a
= { p — 4P }is asolution of the associated

hofhogéneous linear recurrence, named { ;("}
n
= Consequently, p :afj’) +aff’) for all n.
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Solving LiNoReCoCos a,=3a, +2n
Example 1 a,=3

Find all solutions to a, = 3a,_,+2n, which solution
has a, =37

Notice this is a 1-LiNoReCoCo.
Its associated 1-LiHoReCoCo
* g,=3a, ,and root is 3

= Solution is aih)=c3"

The solutions of LINoReCoCo are in the form

Next step
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Solving LiNoReCoCos a,=3a, +2n
Example a,=3

If F(n) is a degree-u polynomial in n, a degree-u
polynomial should be tried as the particular
solution ¢'”’

Now, F(n) =2n
» Try a}gp): cn+d, candd are constants
a,=3a,,+2n
cnt+d = 3(c(n—1)+d) + 2n
2ct2)n+ 3c2d)=0
c=—landd=-3/2

= Solutionis: a'” =-n—3/2
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Solving LiNoReCoCos
Example

Therefore, we have
a =a” +a"
3
=—n——+c3"
2
By using a, =3

=3=-1-3/2+3c
"c=11/6

a,=3a, +2n

a,=3
3
al’ =-n-=
2
a(h) _ C3n

n

3 11-3"

Asaresult, a,=—n——-+

Ch. 4.1, 4.2 & 4.4
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Solving LiNoReCoCos
Particular Solution )
Suppose {a,} satisfies the LiNoReCoCo ¢ = Zcia”_i + F(n)

where ¢, (i = 1,2,...k) are real numbers and

F(n)=(bn'+b_n""+..+bn+ bOE

where b, b,, ..., b, and s are real numbers

When s is not a root of the characteristic equation of the
ass?c)lated linear homogeneous RR, there is a particular solution
of the form

(pn' +p,_n" +..+ pn+p,)s”
When s is a root of the characteristic equation of the associated

linear homo% neous RR with multiplicity m, there is a particular
solution (a (f; of the form

m

(pn' +p,_n'" +..+ pn+p,)s”
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Solving LINORQ  p(;y— (pn' +b_n"" +...+bn+b,)s"

Exa mpl s is not a root
What form d .
nonhomoge sis aroot

(ptnt +p_n'" +.+pn+p,)s”

n"(pn' +p_n" +..+pn+p,)s"

a,=6a,-9a,,+F(n) have when ...

Consider the associated
homogeneous RR:

a,= 6a, -9a,,

Characteristic Equation
PP—6r+9=(r-3>=0

Characteristic Root is 3, of
multiplicity m=2

Ch. 4.1, 4.2 & 4.4

F(n)=3"
n*(py)3"
F(n) =n3"
n*(pn+ py)3"
F(n) = n?2"
(p,n° + pn+p,)2"
F(n) = (n*>+1)3"
n’(p,n’° + pn+ py)3”
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Solving LiNoReCoCos : Pa F(n)=(bn'+b_n"" +..+bn+b)s"

Example 2 sisnotaroot (p'+p. ..t pntpy)s’

sisaroot n"(pn' +p, n" +..+pn+p)s"

Let a, be the sum of the first n positive integers, so that
a, = Zk
k=1
a, satisfies the linear nonhomogeneous RR
a, = d, T n
Associated linear homogeneous RRis a, =a,,_,

Root is 1. The solution is a'" = ¢(1)", c is a constant

Since F(n)=n=nx (1)", and s =1 is a root of degree one of
the characteristic equation of the associated linear
homogeneous RR

So the particular solution has the form n(pn+tp,)
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Solving LiNoReCoCos : Particular Soluf~ —
a,=a,,; tn
Example 2 "
. an = n(pln + pO)
By solving
pint+pp=p, (n-12+pyn-1)+n
We have p,=p,=1/2
— (P (h)
Recall, a, =a,” +a, —
a ’ =c

a, =n(n+1)/2+c

a'’” =n(n+1)/2

By usinga,=1,s0c=0

Therefore,
B n(n+1)
" 2
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Solving Linear Recurrence Relations
Summary

k-LiHoReCoCos with m same roots (without F(x))
* Find the root of characteristic equation
= a,=(a, +al’ln+...+al’mlfln””’l)r1”
+(@y + O+t ay,, 0"
ot (o ta, nt.+ at’mﬁlnm"l)rf
= Use initial terms to find alphas

k-LiNoReCoCos with m same roots (with F(x))
* Find the solution of characteristic equation of Associated linear
homogeneous RR g

* Find the particular solution of LiNoReCoCo using

a;p) = n"(pn'+p,_n"" +..+pn+p,)s”

n

= Finally a'” +q"
= Use initial terms to find alphas
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© Small Exercise ©

Find all solutions to a, = 7a,_,+(2n>+2)3n,
which solution has a, = 107
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© Small Exercise ©

Ta, +(2n*+2)3"
10

al’l
ag

Its associated 1-LiHoReCoCo

" q,=7a, ,and rootis 7

= Solution is a}gh) ="

The solutions of 1-LiINoReCoCo are in the form

—_ ,(p)
a =a, +a

(h)

n

Need to do is find one ¢'”’

Ch. 4.1, 4.2 & 4.4
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- =Ta, \+(2n*+2)3"
© Small Exercise © |, _ ;" (2n2)

Now, F(n) = (2n>+2)3"
= 0" = (an? + bn + ¢)3"
a,="7a,, +(2n>+2)3"
(an*+bn+c)3" = 7(a(n-1)*+b(n-1)+c)3™! + (2n?+2)3"
3an*t3bn+3c = Tan?- 14an + 7Ta+ 7bn—"Tb + T7c + 6n*+ 6
0 =4an’- 14an +T7a+4bn—7b +4c + 610>+ 6
0 = n’(4a+6)+n(4b-14a) +(4c +7a-7b+6)
4a+6=0  4b-14a=0 4c +7a-7b+6=0
a=-3/2 b=-21/4 c=-129/16
a\”) =(-3n’/2-21n/4-129/6)3"
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a,="Ta, +(2n>*+2)3"

© Small Exercise ©® |/_,

Therefore, we have

a, =a” +a”

n

a'” =(=3n"/2-21n/4-129/6)3"

n

= (=3n*/2-21n/4-129/6)3" +cT" a® = 7"

By using a,= 10
= q,=10=-129/6+ ¢
= c=189/6

As a result,

a,=(-3n"/2-21n/4-129/6)3" +189-7" /6

Ch. 4.1, 4.2 & 4.4

59

Generating Functions

Generating functions ( G(x) ) are used to
represent sequences efficiently by coding the
terms of a sequence as coefficients of
powers of a variable x in a formal power
series

Generating function for the sequence
a,, dy, a, ..., 4, ... Of real numbers is the
infinite series

0
G(x)=ax’ +ax' +-+ax +--= Zakxk
k=0
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Example

What is the generating function for the
following sequence?

= {0, 2, ..., 2k,...}
0+2x+ ...+ 2k -xk+

= iZk xF

k=0

={1,1,1,1, 1}

l+x+x2+x3+xt= Zxk
k=0
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Useful Facts About Power Series

S b= b
k=0 l-x
1
flx)=—
1-x

is generating function
of the sequence
1,1,1,1, ...

Ch. 4.1, 4.2 & 4.4

o0
k_k
> at -

k=0 l—ax

1

1—ax

fx)=
is generating function

of the sequence
1, a, a2, a3, ...
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Useful Facts About Power Series
Given: f(x Zak =ibkx"

1)+ gl)= 3

(ak +bk)xk
()= T S

= (ax’ +ax' +..)(bx" +bx' +..)
= x°(a,by) + x' (a,b, +a,by) +
xz(aob +ab, +a,by)+...

0

Z (abk ;)

k=0 j=0
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Useful Facts About Power Series

Example

1
Let h(X)—W ,

Find the coefficients a,, a,, a,, ...

h(x) = Zf:o a,x"

1= =2
)= ax* glx)=Y b

Ch. 4.1, 4.2 & 4.4

in the expansion

"= —1x)2 ) (1—1x) (1—1x)
(2
_ ZZX
=kl =Y kD

b
Il
(=}
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Counting Problems and
Generating Functions
How can we solve the counting problems,
including the recurrence relation, by using the
Generating Functions?

0
G(x)=ax’ +ax ++ax +--= Zakxk
k=0
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Counting Problems and Generating Functions
Example 1

Find the number of solutions of e, + e,+ e;=n when n =17,
where e, ,e,, e; are nonnegative integers with 2 < e, <5,
3<e;£6,4<e;<7

By considering this generating function for the sequence {a,},
where a, is the number of solution for n
(X +x°+x*+x)-
k
ax =[x +x"+x +x%)-
k=0 (x*+x° +x°+x7)

M

As n =17, ay;, which is the coefficient of x!’, is the solution

Answer is 3
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Counting Problems and Generating Functions

Example 2

In how many different ways can eight identical
cookies be distributed among three distinct children
if each child receives at least two cookies and no
more than four cookies?

By considering this generating function for the
sequence {a,}, where q, is the number of solution
for n

o0
Zakxk ="+ +xH) + 0+ X +xh)
k=0

The coefficient of x® is 6
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Counting Problems and Generating Functions

Example 3

Solve the recurrence relation a, = 3a,_, for i=1, 2,
3, ... and initial condition a,=2

Let G(x) be the generating function for the
sequence {q,}, that is

G(x) = iakxk G(x) = a, +3xG(x)

2 © 1
< G(x) = ax* =

G(x) = ;3ak_1xk 1-3x ; 1—ax

& G(x)=) 23"
G(x)=a,+ Z3ak71xk () ;

k=1

. _ k

G(x)=a,+ 3xz a,_x"" ap = 2-3

k=1
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Counting Problems and Generating Functions

Example 4

Solve the recurrence relation a, = -a,_, + 6a,_, with
initial conditions a, =0 and a, =5

Let G(x) be the generating function for the
sequence {q,}, that is

[oe]

G(x) = Z ax®

k=0

G(x) =apgx®+axt+ Z agx®
=2

G(x)=ap+a;x+ Z(*ak,l +6a,_,)xk
k=2

[oe] [oe]
G(x) =ag+ayx — Z a,_xk+6 Z a_x*
=2 =2
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Counting Problems and Generating Functions

Example 4

[oe] [oe]
G(x) =ao+a;x — Z 4 x* +6 Z ay "
=2 =2
[oe] [ee]
G(x) = ag+ ayx + apx — apx — x z axk1 +6x2 z a;,_xk2
k=2 =2

[oe]

[ee]
G(x) =ag+ayx +apx — x Z axk1 +6x2 z a;_xk2
=1

k=2
6() =5x = 2G+6x°6()  [aqy=0anda, =5 | |6 = ) aer*
k=0
5x
G = S (6x2—x—1)
S5x
(=~ (G D

Counting Problems and Generating Functions

Example 4
5x
(== orr D)
1
(0 =Gt
= 1
1 1 kok _

G(x)=1—2x_1+3x kz:()ax _1—ax

G(x) =) (2)kxk - ) (=3)kxk

600 = ) (@F - (-3)¥) x*

k=0
a, = (@* - (-3)¥)

Counting Problems and Generating Functions

Example 5

Solve the recurrence relation a, = - 2a,_, - a, , with
initial conditions a, =5 and a, = -6

Let G(x) be the generating function for the
sequence {q,}, that is

[e0)

G(x) = Z agx®

k=0
)

G(x) = apgx® + a;x* + ) aypx®
o k=2
G(x) =ag+ax+ ) (—2a,, — a,_,)x*
k=2

[e0)

[00]
— _ k _ k
Gx)=ap+aix—2 ) a,_x ay X
k=2 k=2
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Counting Problems and Generating Functions

Example 5

(o8]
G(x) =ay+a;x—2 z a,xk — Z a;_,x*

k=2 k=2
)

o]
G(x) = ag + ayx + 2a9x — 2a9x — 2x z a, xk1 — x? Z a,_xk2

k=2 k=2

(0] (0]

k=1 k=2

G(x) =5+ 4x — 2xG(x) —x*G(x) |a,=5anda, =-6

5+ 4x © 1
G(x):z— akxk =
(x4 +2x+1) kz=0 1—ax
Gox) = 54 4x
= a2

Ch. 4.1, 4.2 & 4.4
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Counting Problems and Generat 3 akxk = ! D Feg =D Y (@i )"

1—-ax )
Example 5
X 1 1
5+ 4 =x
G(x) = (1+x§2 +0? ~*Trod+n
_5(1+X) X = (w(_l)k k><m( 1)k k)
G = (1+x)2 x; i ; i
5 o k
(W=Grn +x)2 = xZZ(—l)"x"
0 k=0 j=0
G(x)= ) 5(-DFx* - —— o
() kzo D~ <5 v o
Glx) = Z 5(=1)kx* +Zk(—1)" k o
k=0 k=0 :Z k+1)( 1)k k+1
6(x) = Z(s(—1)k+k(—1)k)xk i "
=0 k + 1)(—1)*+1xk*
k=0
a”=5(—1)”+n(—1)” Zk( 1)k xk
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Counting Problems and Generating Functions

Example 6

The sequence {a,} satisfies the recurrence
relation

a,=8a, 4+ 10!
and the initial condition a; =9

Use generating functions to find an explicit
formula for a,

Ch. 4.1, 4.2 & 4.4
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Counting Problems and Generating Functions

_ -1 _
Example 6 4,=8a,, + 10" 4 -9

G(x) = Z a,x"

n=0
G(x) = Z(Ban_l + 10" )xn
G(x) =ag+ Z(Ban 1+ 10" Hx™
- 1
St -
G(x)—a0+28an X" +210”1" paars 1—ax
G(X)=ag+8x ) ap_x" T+x ) 107 1xn1
x

G(X) = Ay + SXG(X) +m
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Counting Problems and Generating Functions

9

a,=8a,+10"1=9
a,=1

Example 6 G =84 T 107 4=
G(x) =ay + 8xG(x) + T~ 1ox
c _ 1—-9x
™) = A Tena =100
1/ 1 1
G(x)=§<1—8x+1—10x>
k
G(x) = l(i 8™"x™ + i 10"x”> ; ‘
2 n=0 n=0
G(x) = Z%(Bu 10m)x" 1

Ch. 4.1, 4.2 & 4.4
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