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Recursion

How many i-products the
families of students in o
school have?

R—- _How many 1 é How many
= i-products? g i-products?

Recurrence Relations

A recurrence relation for a sequence {a_} is an

equation that expresses a, in terms of one or more
previous elements (a,, ..., a,_4)

A sequence is called a solution of a recurrence
relation if its terms satisfy the recurrence relation

'r

Ch. 4.1, 4.2 & 4.4



Recurrence Relations

Example 1

Let {a,} be a sequence that satisfies the
recurrence relationa,=a_ ,-a,,forn=2, 3,
4, ..., and suppose thata, =3 and a, = 5.
What are a, and a;?

From the recurrence relation:

.a2 =a1_ao=5'3=2
.a3 =82—a1=2-5=-3
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Recurrence Relations

Example 2
Consider the recurrence relation

a,=2a,,—a,, wheren =2
Which of the following are solutions?

-an=3n‘/

2a,_,—a,,=2(3(n-1))-3(n-2)=3n=a,

=g, =2"
2a,_1—a,,=2(2"")—n"2=2"#a_
"a,=95

2a,_,-a,,=2x10-5=5=a4a,
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Recurrence Relations

The initial conditions for a sequence specify the
terms that precede the first term where the
recurrence relation takes effect

= For example
a,=a,q* a,,, whatis the value of a;?
Answer depends on a, and a, (initial conditions)
a,=3anda,;=5: a,=8, a;=13
a,=1anda,;=2: a,=3, a;=95

A sequence is determined uniquely by
= Recurrence relation
= |nitial conditions
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Modeling with Recurrence Relations

Compound Interest
Growth of saving in a bank account with r% interest
per given period
. Sn = Sn-1 +r- Sn-1 = (I'+1) ] Sn-1

Example:

= Suppose that a person deposits $10,000 in a savings
account at a bank yielding 11 % per year with interest
compounded annually. How much will be in the account
after 30 years?

= S, = 1.11S,5 = 1.11(1.11S,4) = ...= (1.11)% 10,000
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Modeling with Recurrence Relations
Tower of Hanoi

Objective

» Get all disks from peg 1 to peg 3

Rules
= Only move 1 disk at a time
= Never put a larger disk on a smaller one
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Modeling with Recurrence Relations

Tower of Hanoi

More than 1 steps

reak Dow

Recursive Call Recursive Cal

More than 1 steps

NEST T

More than 1 steps
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Modeling with Recurrence Relations

Tower of Hanoi

More than 1 steps

& -

A7 1L

|,
Recursive Call Recursive Cal
More than 1 steps 1 p More than 1 steps
ot o
P P o P o
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Modeling with Recurrence Relations

Tower of Hanoi

More than 1 steps

1 step 1 p

& » &

2] | a1 |L] 1 L]}

Base Case Base Case
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Modeling with Recurrence Relations

Tower of Hanoi

alllls
~ ~

!l | !-!l | —
P N N N

\ELLALI[A1T £ JITpIT 00 (LA TIA)iid Jia|(i& JIaJI1a 114}

The solution
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Modeling with Recurrence Relations

Tower of Hanoi

Let H, be the number of moves for a stack of
n disks.

Strategy:

= Move top n—1 disks (H,_, moves)

= Move bottom disk (1 move)

= Move top n—1 to bottom disk (H,,_, moves)

H =2H_ , +1

Ch. 4.1, 4.2 & 4.4 14



Modeling with Recurrence Relations

Fibonacci (Rabbits) Numbers

A young pair of rabbits Atleast two  Younger than
months old two rgenths

(one of each sex) is
placed on an island

A pair of rabbits does
not breed until they are
2 months old

After they are 2 months
old, each pair of rabbits
produces another pair
each month

I:,n = I:,n-1 + I:,n-2
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Modeling with Recurrence Relations

Example 1

Find a recurrence relation and give initial conditions for the
number of bit strings of length n that do not have two
consecutive 0Os.

Let P,, denote the number of bit strings of length n that do
not have two consecutive Os

For P,

Any bit string of length n - 1 ]
| with no two consecutive Os | 1 P 0101 0110
o 0111} 1410

Any bit string of length n - 2
| with no two consecutive 0s] 10 P, 1041 1110
1101 P,
I:)n=|:)n-1+F>n-2’nz3 1111
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Modeling with Recurrence Relations

Example 2

Find a recurrence relation and give initial conditions for the
number of bit strings of length n that do not have three
consecutive Os.

Let P,, denote the number of bit strings of length n that do
not have three consecutive 0s

Any bit string of length n - 1 P For P4 _
| with no three consecutive 0s 11 n-1 ooLll 0010 G100

Any bit string of length n - 2 0101 0110 1100
| with no three consecutive Os | 10 Pn_2 0 1 1 1 1 0 1 O P1

Any bit string of length n - 3 1001 11420
|with no three consecutive Os | 100 P )
P,=P.,+P,,+P 2 ” o i

n— ' n-1 n-2 n-3’n—4 1101
P1=2’P2=4,P3=7 1111

P3

Solving Linear Recurrence Relations

Given P, =P, + P, _,, whatis P,,?
It is not easy to calculate

Need a better solution ieg.av! 4 3i] émmi
which is not in ‘m% q ssx &g i,
relation form i

E.g. P, =n*10 -1

Ch. 4.1, 4.2 & 4.4 18



Solving Linear Recurrence Relations

Linear Homogeneous Recurrence of Degree k with
Constant Coefficients is a recurrence of the form

n—i

k
a,=Cid, T ... TCa, =Y ca
i=1
where the c; are all real numbers, and ¢, # 0
= Linear: the power of all a, term is one
Homogeneous: no constant term (no team without a;)
Recurrence: a sequence {a,} which a, interms of ¢, ,, a, ,,...
Degree k: refer to k previous terms q,
Constant Coefficients: ¢,, ¢,, ... independent from »

The short name is “k-LiHoReCoCo”
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Solving Linear Recurrence Relations

Example

Mn = I\’In—1 + (111)Mn—1 an =an-1 + (an-Z@

= 1-LiHoReCoCo = Not linear

I:’n = I:,n—1 + I:,n—z Hn - 2Hn_

" 2-LiHoReCoCo = Not homogeneous

an = an-5 B =<:B

= 5-LiHoReCoCo f n-1 .

= Non-constant coefficient

k-LiHoReCoCo (n is a variable)

Linear: the power of all a; term is one

Homogeneous: no constant term (no team without «a,)
Recurrence: a sequence {a,} which q, in terms of @, ,, a, ,,...
Degree k: refer to & previous terms q,

Constant Coefficients: ¢4, ¢,, ... independent from n

Ch. 4.1, 4.2 & 4.4 20



Solving 2-LiHoReCoCos

Given 2-LiHoReCoCo: a,=c¢,a, ,+ c,a,_,, and ay =
canda,=d

Assume s, and ¢, be the solution, a,=s, and a,=¢,
"5, =S, TS, and e, =ct,  +e,
For constants w, and w,

wis, T wot, = wi(eys,. T 68,5 ) T wyeit, + eyt )

Y

a =ci(wys,_1 T wot, )t e(wit, o T wit, )

n

a;-z a;-z
Therefore, a, = w;s, + w,t, is a solution

Ch. 4.1, 4.2 & 4.4 21

Solving 2-LiHoReCoCos

By considering 1-LiHoReCoCo, a, = c a,_,
Obviously, the general solution is a, = ¢" a,
Therefore, the solution of the form may be a,= r"

Substitute a,=»" to a,=ca, +ca, ,,
thenr?-cr-c,=00rr=>0
= r=()is a special case since a, =0

r* - ¢;r - ¢, is called characteristic equation

Ch. 4.1, 4.2 & 4.4 22



Solving 2-LiHoReCoCos
Given 2-LiHoReCoCo: a, = ¢,a,_, + ¢,a,_,, and
a,=canda,=d

Assume a, = w,r" + w,r," for
r, and r, are different and some constants w,, w,

We know that r,?-c¢,r;-c,=0and r,’ - ¢;r,-c,=0
Characteristic Equation: ¥’ -¢,r-c¢,=0
Characteristic Roots: r; and r,

w, and w, can be calculated by using c and d
{ao =c =wr" +w,r,’

= J= 1 1
a, =d=wyr +w,r,

Ch. 4.1, 4.2 & 4.4 23

Solving 2-LiHoReCoCos

Theorem
Consider an arbitrary 2-LiHoReCoCo:
a,=ca, | +Ca,

By substituting a, = ", we have the characteristic
equation:

rP—cr—c,=10

If there has two different roots , and r,, then
a, =wr" T wyry"

for n 2 0 and some constants w,, w,

Ch. 4.1, 4.2 & 4.4 24



Solving 2-LiHoReCoCos

Proof

Given r,, r, are the characteristic root
a,=Ci@, | TCM, ; & 4, =W T wn"

where and w,, w, are constants

= Two steps for the proof

Show if a, = w;r," + w,r,” , {a,} is a solution of the
recurrence relation

Show if {a,} is the solution of the recurrence
relation, a, = w,r,” + w,r,” for some w, and w,

Ch. 4.1, 4.2 & 4.4 25

Solving 2-LiHoReCoCos

Step 1
Show if a, = wr," + wor,” , {a,} is a solution of the

recurrence relation
+ _ ( n—1 + n—1)+ ( n-2 + n—2)

aa,, r6a, , =Cc\wh W,r, C,\Wh W),
_ n-2 n-2
=W (017”1 +Cz)+W2’”2 (Clr2 +Cz)
_ n-2_72 n=-2_72 r, and r, are the solution of
=wWn K W [ P —cr —c, =0 J
_ n n
=d

n

Ch. 4.1, 4.2 & 4.4 26



Solving 2-LiHoReCoCos

Step 2
Show if {a,} is the solution of the recurrence relation, a, =
wyr" + w,r," for some w, and w,

= Suppose that {g,} is a solution of the recurrence relation, and the
initial conditions a, = C, and a, = C, hold

= We want to show that there are constants w, and w, such that the
sequence {a,} with a, = w,r," + w,r,"” satisfies these same initial
conditions

ay=Cy=w; +w, and a, = C; = wyr; + wyr,
= By solving these two equations:
_ G -G G =G

h=n h=n

W

= When r, # r,, {a,} with w,r," + w,r,” satisfy the 2 initial conditions

Ch. 4.1, 4.2 & 4.4 27

Solving 2-LiHoReCoCos

We know that {a} and {a,r," + a,r,"} are both
solutions of the recurrence relation a, = c,a, | +
c,a, , and both satisfy the initial conditions when n =
Oandn=1

Because there is a unique solution of 2-
LiHoReCoCo with two initial conditions, it follows
that the two solutions are the same, that is, a, =
a,r" + a,r," for all nonnegative integers n

We have completed the proof

Ch. 4.1, 4.2 & 4.4 28



Solving 2-LiHoReCoCos 2-LiHoReCoCo: a, = ¢,a,, t ¢,a,,,
Characteristic Equation: ¥ - ¢,r - c,=0

Exa m p I e 1 a,=wr" +w,r," (r, and r, are different)

Solve the recurrence a, = a,_, + 2a,_, given the initial
conditionsa,=2,a, =7

Characteristic Equation: r2-r-2=0

Characteristic Root:

"r =(1£3)/2 —b+~b* —4ac
=r=2o0rr=-1 X = 24

Therefore, a, = w, 2" + w, (=1)"
By usinga,=2,a,=7

=w,=3 and w,=1
Therefore, a, = 3:2" — (—=1)"

Ch. 4.1, 4.2 & 4.4 29

Solving 2-LiHoReCoCos 2-LiHoReCoCo: a, = ¢4, + ¢, ;,

E I 2 Characteristic Equation: r? - ¢,r-c,=0
Xam p e a,=wr/" +w,r," (r, and r, are different)

Find an explicit formula for the Fibonacci numbers

Recall f,=f,+f.»
= Characteristic equation: r? - \/_1 =0
5)/2

= Characteristic roots:7; = (1+ r=(1-+5)/2
Eslies)
fo=wm 5 TW, T

Initial conditions f, =0 and f, = 1
fo=0=w+w,

1
f1=1:w1(1+2\/§J+W2(iJ W :ﬁ sz_ﬁ

2

,_ [1+\Ejn_ 1 (1—«5]"
SN ) Jslo2

Ch. 4.1, 4.2 & 4.4 30




Solving 2-LiHoReCoCos
with two same roots

Theorem

Let ¢, and ¢, be real numbers with ¢, # 0.
Suppose that ° — ¢,;r - ¢, = 0 has only one
root r,

A sequence {a,} is a solution of the
recurrence relationa, = c,a,, + c,a,, if and
only if a, =w,r," + w,nry", forn=0,1, 2, ...,
where w, and w, are constants

Ch. 4.1, 4.2 & 4.4 31

Solving 2-LiHoReCoCos with| 2-LiHoReCoCota, = ¢ia, , + ¢4, ;,
Characteristic Equation: ¥?-¢;r-c,=0

Example 1 0 = s+ o

What is the solution of the recurrence relation
a, = 6a, , - 9a, , with initial conditions ¢, = 1 and a, = 67

Characteristic equation: > -6r+9=0

Only one characteristic root: » =3

Hence, the solution to this recurrence relation is
a,=w,3" +w,n3"

for some constants «, and a,

By using the initial conditions,

ap=1=w,a,=6=3w,+3w,, sow=1and w, =1

Consequently, a” = 3" + n3”

Ch. 4.1, 4.2 & 4.4 32



Solving 2-LiHoReCoCos
Summary

Given:a,=ca, , +c,a, ,anday,=cand a, =d
1. Characteristic equation: rP—cr—c,=0

2a. If Characteristic Root (r, and r,) are different
1. a,=wr" +w,r,"is the solution
2. Usea,=w, +tw,=cand a, =w;r, + wyr,=d to
solve w, and w,

2b. If Characteristic Root (r, and r,) are the same
1. a,=w," +w,n r"is the solution
2. Useaq,=w,=cand a, =w;r, +w,r,=d to solve
w, and w,

Ch. 4.1, 4.2 & 4.4 33

© Small Exercise ©

What is the solution of the recurrence relation
a, =-a,,+ 6a, , with initial conditions a, = 0

n

and a, = 57

What is the solution of the recurrence relation
a, =-2a,  -a,,with initial conditions q, =5
and a, = -67

Ch. 4.1, 4.2 & 4.4 34



© Small Exercise ©

the recurrence relation: a, =-a, + 6a,_,
Initial conditions ¢, =0and a, =5

Characteristic Equation:  2+7-6=0
(r+3)(r—2)=0

Characteristic Root: »,=-3,r,=2

Therefore, a” = w, (-3)" + w, (2)"

Using the initial condition
" gy, =0=w, +w,

" q,=5=-3w, +2w,

"y, =-1,w,=1

Therefore, g7 = - (-3)" + (2)"

Ch. 4.1, 4.2 & 4.4
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© Small Exercise ©

the recurrence relation: a, =- 2a,-a, ,
Initial conditions a, =5 and a, = -6

Characteristic Equation: 2 +2r+1=0
r+Dr+1)=0

Characteristic Root: = -1
Therefore, a”" =w, (-1)" +w, n (-1)"
Using the initial condition

"g,=5=w,

"q,=-6=-w,-w,

" w, =5 w,=1

Therefore, g7 =5 (-1)" + n (-1)"

Ch. 4.1, 4.2 & 4.4

36



Solving k-LiHoReCoCos

k-LiHoReCoCo: a, = > ca, a,=ca,  +ca, ,
i=1

Characteristic Equat_ion IS:

k
rk—chrk_’ =0 rP—cr—c=0
i=1

Theorem
If there are k distinct roots r, , then the solutions to
the recurrence are of the form:

k
d, = Zwirz‘ a, = wir" T wr)”

for all n 2 0, where the w, are constants

Ch. 4.1, 4.2 & 4.4 37

Solving k-LiHoReCoCos
Example

Find the solution to the recurrence relation
a,=6a,,—11a,,+6a,,
with the initial conditions a, =2, a, = 5, and a, = 15.

The characteristic equation is:
P-6r+11r—6= (r-1)(r-2)(r-3)
= The characteristicrootsarer=1,r=2,andr=3
a, =w 1"+ w,2" + w,3"
By using the initial conditions
"8y =2=wW,; +W,+ W
" a,=5=w,; +wW,Xx2+w3X3
" a,=15=w,+w,x4+w;x9
= Therefore, w,=1,w, =-1and w; =2
As aresult,a,=1-2"+2 x 3"

Ch. 4.1, 4.2 & 4.4 38



Solving k-LiHoReCoCos
with same roots

Let ¢, c,, ..., ¢, De real numbers
Suppose that the characteristic equation
rk—c Pl —c, =0

has f distinct roots r,, r,, ..., r, with
multiplicities m,, m,, ..., m,
" |.e. r;appear m; times

"mytm,t+ - +m=k

Ch. 4.1, 4.2 & 4.4 39

Solvi ng k-LiHoRe( Srecial case for k=2, One distinct root

— n n
a, = wry" + wynr,

with same roots a, = (W, + wn)r,”

A sequence {a,} is a solution of the recurrence relation
a,=Cil, T Cty sy T e T Cl,,

If and only if Multiplicities for r,

A
=w, + +...+ Y
a, =W +w n+..+w, 1" )L

T No. of
+(Wy ot Wy it w,, n2 ) distinct

m =1y .n roots
ot (W o+tw n+o+w,, n )

Ch. 4.1, 4.2 & 4.4 40



Solving k-LiHoReCoCos with da, =W +w n+..+w, 7" )1
+(w20+w21n+ AWy, 0 Dy

Example + . +(w +W W, ln’%)r"

t

Find the solution to the recurrence relation
H =-H +3H, ,+5H, ,+2H, ,
with the initial conditions H, = 1’[—[1 = (),H2 = 1,]—]3 =2

Characteristic equation: %+’ —3x2—=5x—-2=0

(x=2)(x+1)’=0
Roots: -1,-1,-1,2

Therefore:  H = (¢, +c,n+cn’)(=1)" +¢,2"
By initial conditions:

[—[0:C1+C4Z1 01219022_1,03:(),04:%
H =—c—-c,—c;+2c,=0 9 3
<
H,=c +2c,+4c; +4c, =1 y =Z(—l)"—ln(—l)"+22"
\H;=—¢,—3¢,—9¢;+8¢c, =2 9 3 9
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Solving k-LiHoReCoCos
Summary

Given: a, chan .anda,=c,,wherei=1,2 ..,k
1.Characteristic equation: - —Zcirk_’ =
2. Characteristic Root (74, 75, ..., )

t m;—1 .
1.a, =Z[Zwi,jn’Jn” is the solution of k-LiHoReCoCos
i=1 \_ j=0
where m; is the multiplicity of
t m;—1
2. solve w; by a, =c, —Z(Z j

wherep=1,2, ...,k

Ch. 4.1, 4.2 & 4.4 42



© Small Exercise ©

What is the solution of the recurrence relation
a,=a,,ta,,-a,,With initial conditions q, =
0,a, =8 and a, =47

_ my—=1\_ n
a,=Wotwnt+..+w, n" )r11
my— n
+(Wy ot Wy it +w,, n)r

+o+ (W +w, n+..+w, _lnmf_%)rt”

,11,

Ch. 4.1, 4.2 & 4.4 43

© Small Exercise ©

the recurrence relation: a, =a, , +a,, - a,;
Initial conditions a, =0, a;, =8 and a, = 4
Characteristic Equation: P-r—r+1=0
rr—Dr—-1)(r+1)=0
Characteristic Root: 7, =1,r=1,r;=-1
Therefore, a"=(c, +c,n) (1) +c; (-1)"

Using the initial condition
" g,=0=c,+

" g, =8=cte,—o

" a,=4d=ct+2c,tcy

m 01:3,C2:'3,C3:2

Therefore, a"=3 (1 —n) (1)"+2(-1)"

Ch. 4.1, 4.2 & 4.4 44



Solving LiNoReCoCos

Linear nonhomogeneous recurrence of
degree k with constant coefficients
(k-LiNoReCoCos) contain some terms F(n)
that depend only on » but not g,

General form:

a,=ca" '+ ...+ca"*+ F(n)

\— 7
V

Associated Homogeneous Recurrence Relation

Ch. 4.1, 4.2 & 4.4 45

Solving LiNoReCoCos

If { ¢'”'} is a particular solution of the
nonhomogeneous linear recurrence relation with
constant coefficients

a,=ca,,+ca,,+..+ca,,+ F(n)

Then every solution is of the form { 4" 1. 4" },
where { af/” } is a solution of the associated

homogeneous recurrence relation

a,=ca,tca,,t.+rcqa,,

Ch. 4.1, 4.2 & 4.4 46



Solving LiNoReCoCos

Proof
= As {a’(ip)} is a particular solution for LiNoReCoCos
= Suppose that { b, } is an another solution

a(”)—c1 (p)+cz ff’;+ ~+c.a ff’;{+F(n)

n

— b,=cb  +c,b ,+..+cb, _, +F(n)

(p) _ (p) (p) (p)
b —a —cl(b )+cz(bn ,—a’ )-I-...-I—Ck(bn_k —an_k)

n n

(h) _ () () (h)
n Cl +C2 n2+ +Ck n—k

a

= {h — 4P }is a solution of the associated
hoﬁ1og§neous linear recurrence, named {a(h)}

= Consequently, p —a(P) +a(h) for all n.

Ch. 4.1, 4.2 & 4.4 47
Solving LiNoReCoCos a, = 3an_1+2n
Example 1 a,=

Find all solutions to a, = 3a,_,+2n, which solution
has a, =37

Notice this is a 1-LiNoReCoCo.

Its associated 1-LiHoReCoCo
" g,=3a, ,and root is 3
= Solution is a,gh)=c3”

The solutions of LINoReCoCo are in the form

Next step

Ch. 4.1, 4.2 & 4.4 48



Solving LiNoReCoCos
Example

If F(n) is a degree-u polynomial in n, a degree-u
polynomial should be tried as the particular

solution g'?
Now, F(n) = 2n

= Try a}g”)z cn+d, candd are constants

a,=3a,,+2n
cn+d = 3(c(n—1)+d) + 2n

(2ct2)n + (3c2d)=0
c=—landd=-3/2

= Solution is: a,gp) =_n-3/2

Ch. 4.1, 4.2 & 4.4

Solving LiNoReCoCos
Example

Therefore, we have

a, =a? +a"

3
=—-n——+c3"
By using a, =3
=3=-1-3/2+3c
"c=11/6

Asaresult, a,=—n—-+

Ch. 4.1, 4.2 & 4.4

3
2

a,=3a, +t2n
a| =
3
a;p) =—n— 5
al” =c3"

113"
6

50




Solving LiNoReCoCos
Particular Solution

k
Suppose {a,} satisfies the LiNoReCoCo ¢ = (Z Cianij + F(n)
where ¢; (i = 1,2,...k) are real numbers and .

F(n)=(bn'+b_n"" +...+bn+b,)s"

where b, b,, ..., b, and s are real numbers

When s is not a root of the characteristic equation of the
ass?c)iated linear homogeneous RR, there is a particular solution
P)) of the form

(pn' +p,_n'~ +..+ pn+p,)s"
When s is a root of the characteristic equation of the associated

linear homo% neous RR with multiplicity m, there is a particular
solution ( % of the form

m

(pn' ert_ln’_1 +...+ ph+ p,y)s”

Ch. 4.1, 4.2 & 4.4 51

Solving LINORY  fr(,1) — (hn' +b,_n'" +...+bn+b,)s"
Example

What formdq . . ) 1 )
nonhomoger] S'saroot 7 (p" +p " +..+ pn+p)s

sisnotaroot (pn'+p,_n"' +..+pn+p,)s”

a,=6a, - 9a,,+F(n) have when ...

—_ n
Consider the associated F(nz) 3 i
homogeneous RR: n"(p,)3

a,= 6a,,-9%.,, F(n) = n3"
2 n
Characteristic Equation n(pin+ py)3
P —6r+9=(-3)7=0 F(n) = n?2"
2 n
Characteristic Root is 3, of (p,n™ + pin+ py)2
multiplicity m=2 F(n) = (nz +1)3"
n*(p,n” + pin+ py)3”
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Solving LiNoReCoCos : Pa F(n)=(bn' +b_n"" +...+bn+h)s"
sisnotaroot (pn'+p_n"'+..+pn+p,)s"
Example 2 nob "

sisaroot n"(pn'+p_n"'+..+pn+p,)s"

Let a, be the sum of the first » positive integers, so that
a, = Zk

k=1

a, satisfies the linear nonhomogeneous RR
a =a,,tn

Associated linear homogeneous RRis a,=a,, _,
Root is 1. The solution is ¢ = ¢(1)", ¢ is a constant

n

Since F(n)=n=nx (1)", and s =1 is a root of degree one of
the characteristic equation of the associated linear
homogeneous RR

So the particular solution has the form n(p,n+tp,)
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Solving LiNoReCoCos : Particular Solu~ —
a,=a,, tn
Example 2 -
. a,” =n(pn+p,)
By solving
it tpgn=p; (n-1>+pyn-1)+n
We have p,=p,=1/2
— (P) (h)
Recall, a, =a,” +a, .

a, =n(n+1)/2+c

a” =n(n+1)/2

By usinga,=1,s0c=0
Therefore,
‘@ = n(n+1)
2
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Solving Linear Recurrence Relations

Summary

k-LiHoReCoCos with m same roots (without F(x))

» Find the root of characteristic equation
= a,=(a,+oyn +...+al,ml_1n’”‘_l)rl”
+(yy+ay .+, n"
+..+(a +a,n+.+a,, 1",
= Use initial terms to find alphas

k-LiINoReCoCos with m same roots (with F(x))

» Find the solution of characteristic equation of Associated linear
homogeneous RR a'*

= Find the particular solution of LiNoReCoCo using
al?’ = n"(pn'+p_n" +..+ pn+p)s"

n

= Finally a'” +a'"
= Use initial terms to find alphas
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© Small Exercise ©

Find all solutions to a, = 7a,_,+(2n*+2)3",
which solution has a, = 107?
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. = Ta, 2 42)3"
® Small Exercise ©® |;_ ;" (2r72)

Its associated 1-LiHoReCoCo
" g ,=7a, ,androotis 7
= Solution is aih)= 7"

The solutions of 1-LINoReCoCo are in the form

— (P (7)
a, =da, +an

Need to do is find one g'”’
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. = 7a,  H2n22)3"
® Small Exercise ©® |;_ ;" (2r72)

Now, F(n) = (2n*+2)3"
= a'” = (an?+ bn + ¢)3”
a,="7a,,;+ (2n*+2)3"
(an*tbn+c)3™ = 7(a(n-1)*+b(n-1)+c)3*!1 + (2n*+2)3"
3an*+3bnt3c = Tan?- 14an +Ta+ Tbn —Tbh + 7c + 6n*+ 6
0 =4an’- 14an+Ta+4bn—"Tb + 4c + 60>+ 6
0 = n’(4a+6)+n(4b-14a) +(4c +7a-7b+6)
4a+6=0 4b-14a=0 4c +7a-7b+6=0
a=-3/2 b=-21/4 c=-129/16
a'? =(-3n"/2-21n/4-129/6)3"
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. = +(2n%+2)3"
© Small Exercise © Zgzzg”l (2r7r2)3

Therefore, we have
a =a'” +a” a'’ =(-3n"/2-21n/4-129/6)3"

=(=3n*/2-21n/4-129/6)3" +c7" a" =c7"

By using ¢, = 10
= q,=10=-129/6 + ¢
= c=189/6
As a result,
a, =(—3n2/2—21n/4—129/6)3”+189-7”/6
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Generating Functions

Generating functions ( G(x) ) are used to
represent sequences efficiently by coding the
terms of a sequence as coefficients of
powers of a variable x in a formal power
series

Generating function for the sequence
a,, a,, a,, ..., a, ... of real numbers is the
infinite series

G(x)=a,x’ +ax' +-+ax" + .= Zakxk
k=0
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Example

What is the generating function for the
following sequence?

{0, 2, ..., 2k,...} )
0+2x+...+2k xk+... =2

k=0
={1,1,1,1,1}

4
l+x+x2+x3+x%= Zxk
’=0
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Useful Facts About Power Series

Zxk: 1 Zakxk _ 1
k=0 1-x §=0 1—ax
()= f(x)=—
Jx)= 1—x l—ax
is generating function is generating function
of the sequence of the sequence

1,1,1,1, ... 1, a, a2, as, ...
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Useful Facts About Power Series
Given: f(x Zak (x):ibkxk

o0

1)+ <>=;ak+b

—(aox +ax' +..)(byx" +bx' +..)
= X (aob )+ x' (a,b, +a,b,) +
X (aob +ab, +a,b, )+

o0

Z (abk ])

k=0 j=0

Ch. 4.1, 4.2 & 4.4 63

Useful Facts About Power Series

Example
Let A(x)= !

(1-x)*
Find the coefficients a, a,, a,, ... in the expansion

h(x) = Z::o akxk
h(x) = 1 _ 1 1

f(x):L:ixk (1-x)° (d-x)(1-x)

55

TM

)+ £(0)= 5o+, )¢ R
W)= W | g1 =3 k1
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Counting Problems and
Generating Functions

How can we solve the counting problems,
iIncluding the recurrence relation, by using the
Generating Functions?

G(x)=ax’ +ax ++ax" + .= Zakxk
k=0
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Counting Problems and Generating Functions
Example 1

Find the number of solutions of e, + e,+ e;=n when n =17,
where e, ,e,, e; are nonnegative integers with 2 < e, <5,
3<e,<6,4<ey,<7

By considering this generating function for the sequence {a,},
where a, is the number of solution for »n

% f(x2+x3+x4+x5)-\
Zakxkz (X +x*+x +x°)-
- 4,5, 6, 7

k=0 (X" +xX+x"+x)

As n =17, a,,, which is the coefficient of x!’, is the solution
Answer is 3
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Counting Problems and Generating Functions
Example 2

In how many different ways can eight identical
cookies be distributed among three distinct children
if each child receives at least two cookies and no
more than four cookies?

By considering this generating function for the
sequence {a,}, where a, is the number of solution
for n

o0
Zakxk =(xX*+xX +xH)X7+x +xH) +x0+xY)
k=0

The coefficient of x% is 6
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Counting Problems and Generating Functions

Example 3

Solve the recurrence relation a, = 3a,_, for k=1, 2,
3, ... and initial condition a,=2

Let G(x) be the generating function for the
sequence {a,}, that is

G(x) = Zakxk G(x)=a,+3xG(x)
§=0
2 i3 1
® G(x) = k k
G(x)zz3ak_1xk ) 1-3x kzz;la * C1—ax
k=0

o G(x)=) 2-3x*
G(x)=a,+ Z3ak_1xk ;

k=1

. . k
G(x)=a,+ SxZ a, x"" a, = 2-3
k=1
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Counting Problems and Generating Functions

Example 4

Solve the recurrence relation a, = -a,_, + 6a,_, with
initial conditions a, =0 and a, =5

Let G(x) be the generating function for the
sequence {a,}, that is

(o]

G(x) = Z apx®

k=0

oo
G(x) =agx® +a;x + Z agx®
k=2

G(x)=ay+ax+ Z(—ak_1 + 6a,_,)x*
k=2

G(x) =ag+a;x — Z a,_x*+6 Z a, x*
k=2

k=2
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Counting Problems and Generating Functions

Example 4

G(x) =ay+a;x — Z a,_x*+6 Z a, x*
k=2 k=2

(00 [ee]
G(x) = ag+ a;x + agx — apx — x Z a1 x* 1 +6x2 Z a, ,x*2
k=2 k=2

[0e]

(00)
G(x) =ay+ a;x +apx — x Z a1 x*1 +6x2 Z a;_,x*2

k=1 k=2
G(x) = 5x — xG(x)+6x%G(x) a,=0and a, =5 G(x) = Z agx”
k=0
5x
G = - (6x%2 —x—1)
5
) = —( )

2x—-1)(Bx+1)

Ch. 4.1, 4.2 & 4.4 70



Counting Problems and Generating Functions

Example 4
5x
()=~ a1
_ 1 1
o=~y 7
< 1
1 1 kok

G(x)=1—2x_1+3x kzzoax _l—ax

() = ) (@kxk - ) (~3)kxk

60 =) (@ - (=3))x*

k=0
ax = (2% = (-3)%)

Counting Problems and Generating Functions

Example 5

Solve the recurrence relation a, = - 2a, ;- a,, with
initial conditions a, =5 and a, = -6

Let G(x) be the generating function for the
sequence {q,}, that is

(o]

G(x) = Z a,x®

k=0

(o]

G(x) = apx® +a;xt+ ) apx”
=2

G(x) =ag+a;x+ Z:(—Zak1 —a,_,)x"
k=2

(0] (0¢]
G(x) =ag+ax—2 Z a,_x* — Z a;,_,x¥
k=2

k=2
Ch. 4.1, 4.2 & 4.4 72



Counting Problems and Generating Functions

Example 5

G(x) = ay +a1x—22ak_1x Zak ,xk

(0]
G(x) = ag + a;x + 2apx — 2apx — 2x Z a,_xkl — x? Z a, x*2
k=2

(00) oo

&
Il
N

k=1 k=2

G(x) =5+ 4x — 2xG(x) —x%G(x) |a,=5anda, =-6

5+ 4x - 1
G(x) = > akx® =
(x2+2x+1) kZO 1—ax
5+ 4x
60 = Ay
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Counting Problems and Generat i - 1a rf(x)g(x)—ii(ajbk_,-)xk
Example 5 -
x 1 1
5+ 4x 2 =X
_ (1+x) 1+x)A+x)
60 = T2
_5A+x)—x ( (—D*x ")( (-Dx ")
60 =~ 'Z z
G0) = — - )
W =Ty T o =x) )
- k=0 j=0
GO = Y 5(=1)kxk — — N
) kZO (-1 (1+ x)2 =x2(—1)"(k+1)x""
k=0

G(x) = ) 5(=DFx*+ ) k(—1)kx*

® k

G0 = ) (S(=D)* + k(~1)*)x*

k=0 — (k + 1)( 1)k+1 k+1

a"=5 (1) +n (-1)

Ch. 4.1, 4.2 & 4.4 74

k(—1)*x*

=
Il
o



Counting Problems and Generating Functions

Example 6

The sequence {q,} satisfies the recurrence
relation

a,=8a, 4+ 10!
and the initial condition a, = 9

Use generating functions to find an explicit
formula for a,
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Counting Problems and Generating Functions

Example 6 @ —8a,, +10"  4,=9
G(x) = a,x"

Glx) = Z(Ban_l + 107 1)x"
n=0

G(x) =ag+ Z(Ban_l + 10" Hxn
n=1

= o0 1
oo 1) Z akxk .
_ n n-1.,.n _
G(x) =agy+ nzl 8a,_1x™ + nzl 10" *x pry 1—ax
G(x)=ay+8x ) ap_x™1+x ) 100 1x"1
G(x) = ag + 8xG (x) + —
() = ag + 8xG(x) + T
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Counting Problems and Generating Functions
Example 6 a,=8a,, + 10" 4 =9

X
= a,=8a,+ 10"1=9
G(x) a0+8xG(x)+1_1Ox a(1)=l 0

1—9x
(1-8x)(1—10x)

G(x) =

G(x) = Z %(8” +10m)x™

n=0
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